We consider a model of sub-GeV dark matter whose interaction with the Standard Model is mediated by a new vector boson (the dark photon) which couples kinetically to the photon. We describe the possibility of constraining such a model using a superfluid He-4 detector, by means of an effective theory for the description of the superfluid phonon. We find that such a detector could provide bounds that are competitive with other direct detection experiments only for ultralight vector mediator, in agreement with previous studies. As a byproduct we also present, for the first time, the low-energy effective field theory for the interaction between photons and phonons.
I. INTRODUCTION
To understand the origin and nature of dark matter has been a central topic in both theoretical and experimental physics for a long time. In particular, if considered as a new kind of particle, the presence of dark matter would constitute one of the strongest evidences for physics beyond the Standard Model. A large share of the efforts so far has been devoted to the study of the so-called Weakly Interacting Massive Particle, i.e. dark matter particles with masses of order 100 GeV and interaction strengths comparable to the weak interactions. These searches did not lead to any positive result, yet.
This provides a strong motivation to look into different mass regions, and several efforts have been devoted to the study of sub-GeV dark matter, as proposed by different models -see e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . To detect such particles experimentally one needs devices with energy thresholds below the eV, and several proposals have been put forth, ranging from superconductors [15] [16] [17] , polar materials [18] [19] [20] , Dirac materials [21] [22] [23] , and many others [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] .
Among these, the concept of employing a detector based on superfluid He-4 was first presented in [34] [35] [36] , and then further developed in [37] [38] [39] [40] . In particular, the interaction of the dark matter with the bulk of the detector can produce collective excitations, which could then be detected [41, 42] , allowing a sensitivity to dark matter as light as the keV. If the dark matter interacts with the Standard Model via a scalar mediator, such a detector could provide very promising bounds. In [39, 40] the problem has been formulated in terms of a relativistic effective field theory (EFT) for superfluids [43] [44] [45] , which allows to describe the interactions of the He-4 phonon with itself and with the dark matter in a simple way, starting from a standard action principle. Such an approach has already been proved to be successful in a number of phenomenological applications -see e.g. [46] [47] [48] [49] [50] [51] .
In this paper we continue this program by studying the case of a sub-GeV dark matter charged under some new U d (1) group and interacting with the Standard Model via a new vector mediator (the dark photon) which mixes kinetically with the photon [52, 53] .
To this end, we write down the most general relativistic low-energy EFT for the interaction between the photon and the bulk of He-4 which, to the best of our knowledge, appears here for the first time. With this at hand, we study the process of emission of a single phonon by the passing dark matter and discuss the result in the context of the present direct, cosmological and astrophysical constraints for the dark photon mass and coupling. In agreement with [38] , we find that a He-4 detector could be competitive with the current bounds for ultra-light dark photons.
Conventions: Throughout this paper we work in natural units, = c = 0 = µ 0 = 1, and adopt a "mostly plus" metric signature. Moreover, we use Greek indices to span the full spacetime coordinates and latin indices to span the spatial ones only.
II. RELATIVISTIC EFT FOR SUPERFLUIDS
Let us now briefly review the EFT for superfluids, which we will then use to build the most general interaction between the phonon of He-4 and the photon. For an extensive treatment we refer the reader to, for example, [39, 44, 45] .
From an EFT viewpoint a superfluid is a system characterized by a U (1) internal symmetry associated to a conserved number of particles (e.g. atoms), whose charge Q is at finite density. On top of that, the superfluid spontaneously breaks a number of spacetime and internal symmetries, namely boosts, time translations (generated by H) and the internal U (1). However, it preserves the combinationH = H − µQ, with µ being the relativistic chemical potential. Since H is broken the states of the system cannot be classified according to its eigenvalues arXiv:1911.04511v1 [hep-ph] 11 Nov 2019 anymore; one rather needs to useH. 1 The Goldstone boson associated with the above symmetry breaking pattern corresponds to the low-energy collective excitation of the superfluid, i.e. the phonon. The easiest way to implement such a pattern is arguably via a single real scalar field, ψ(x), which shifts under the internal U (1), ψ → ψ + a, and acquires a vacuum expectation value proportional to time, ψ(x) = µt. The phonon corresponds to the fluctuation of the field around its equilibrium configuration, ψ(x) = µt + c s µ/n π(x), where c s is the superfluid sound speed andn its equilibrium number density. The prefactor has been chosen in order for the field to be canonically normalized.
Given that the breaking is spontaneous, the most general low-energy action for the phonon will have to be invariant under all the above symmetries, and feature the lowest possible number of derivatives. The only possible invariant is X = −∂ µ ψ∂ µ ψ, which corresponds to the local chemical potential (i.e. in presence of fluctuations). The most general action is [43, 44] 
Here P (X) is the pressure of the superfluid [39] . In the second line we have expanded in small fluctuations around the background. Higher order terms would give all possible self-interactions of the phonon at low energies [39, 40] , which will not be necessary for the current study. From Eq. (1) we see that the dispersion relation for an on-shell phonon is ω(q) = c s q. We stress that all the effective couplings are completely fixed by the superfluid equation of state -e.g. c s ≡ c s (P ) -which can be extracted directly from data [56] .
The EFT described above is only valid at small momenta, namely when the momenta involved are smaller than a UV cutoff, Λ ∼ 1 keV. 2 In particular, this means that it cannot incorporate higher momentum excitations like maxons or rotons. In the rest of this paper we assume to work in this regime.
III. EFT FOR THE INTERACTION BETWEEN THE DARK SECTOR AND THE HE-4
For the sake of clarity we focus on the case of a fermionic dark matter, χ(x), charged under some dark U d (1) group. 3 As already anticipated, we assume for this particle to interact with the Standard Model via a dark photon, V µ (x), which couples to the photon via kinetic mixing, and acquires a mass from some mechanism happening at energy scales much higher than the ones under consideration.
If we assume that the kinetic mixing is the only coupling between the dark sector and the Standard Model this implies that the interaction of the dark matter with He-4 must happen via a dark photon, which then converts into a photon. The low-energy action for the interaction between the photon and the superfluid will have to be invariant under the full Poincaré group, under the global U (1) of the superfluid, as well as under the gauge electromagnetic U em (1). Moreover, since the He-4 is electrically neutral, it is not possible to build any non-derivative coupling with the photon field, A µ (x); the interaction must happen via higher multipoles [38] .
Following these rules, the most general low-energy EFT for the case of interest is described by
where F µν and V µν are the field strengths for the photon and dark photon respectively, and the gauge covariant derivative of the dark sector is D µ = ∂ µ +igV µ . Moreover, we assume for the dark sector to be perturbative, i.e. g 4π. Finally, the last line of Eq. (2) describes the most general coupling between the photon and any number of superfluid phonons at low energies. The functions a and b are a priori completely generic, i.e. they cannot be found solely on symmetry grounds. 4 However, as we now show, they can be determined in terms of the static properties of the superfluid, namely of its electric and magnetic polarizabilities. Consider the system at equilibrium, ψ(x) = µt. In this case the last line of the action (2) reduces to
where E and B are the electric and magnetic fields, and a ≡ a(µ) and b ≡ b(µ) are now evaluated on the background. One recognizes this to be the action for an electromagnetic field in a medium [57] , and therefore the functions a and b can be related to the electric and magnetic polarizabilities, α E and α B respectively, by
Since typically α M α E [58, 59] , the effective couplings are given by
The action in Eq.
(2) contains any number of phonons interacting with two photon fields. One can then, in principle, enhance the coupling by introducing an external electric field, 5F 0i = E i , which allows for an interaction term that converts a photon into a phonon, 6 analogous to the Primakoff effect [60] . Indeed, the electric field will induce a polarization of the medium, hence favoring the interaction with the photon. In particular, expanding the last line of Eq. (2) to linear order in the phonon field, in presence of the external field, one gets
Everything so far has been general for any electrically neutral s-wave superfluid. He-4 is a nonrelativistic system for which µ m He , c s 248 m/s and n 8.5 × 10 22 cm −3 [56] , while the electric polarizability is α E 2 × 10 −25 cm 3 [59] .
Using Eq. (5), together with the thermodynamical identities dP =ndµ and m He c 2 s = dP/dn, one finds µ 2 db/dµ α En m He c 2 s . Considering that c s 1 and, for an on-shell phonon,π ∼ c s ∇π, the photon-phonon interaction in presence of the external electric field can be well approximated by
Starting from the actions (2) and (7) one deduces the following Feynman rules for the dark matter-dark photon interaction, for the dark photon-photon conversion and for the photon-phonon conversion induced by an external 5 The introduction of external fields could present experimental difficulties. In this respect, our analysis should be considered as an optimistic one. 6 One could also introduce a magnetic field. This interaction is however suppressed in the nonrelativistic limit (i.e. for cs 1). E-field:
where the crossed circle represents the external electric field. It should be noted that, given the action (2), the in-medium photon propagator is modified with respect to the vacuum one. However, the changes are of order nα E ∼ 10 −2 and we will neglect them here. 7
IV. PHONON EMISSION
In this work we focus on the simplest possible process, namely the emission of a single phonon after the interaction of the dark matter with the bulk of He-4. The amplitude of interest is given by the Feynman diagram in Figure 1 . Averaging over the initial dark matter polarizations and summing over its final ones, one gets
7 For the interested reader, the in-medium photon propagator in Landau gauge reads
where we have already used Eq. (5).
where we have used the nonrelativistic limit for the dark matter, k ( ) (m χ , 0), and for the He-4, c s 1. The corresponding rate is (10) where the angle between the incoming dark matter and the outgoing phonon is fixed by kinematics to be on the Cherenkov cone, cos θ = cs vχ + q 2mχvχ , with v χ the dark matter velocity [39, 40] . Moreover, cos θ E = cos θ cos θ χ − cos(φ − φ χ ) sin θ sin θ χ is the angle between the electric field and the outgoing phonon, with (θ χ , φ χ ) the angle between the incoming dark matter and the electric field.
The rate of events per unit target mass is obtained as
The maximum energy that the dark matter can transfer to a phonon is either fixed by kinematics (namely requiring cos θ < 1) or by the cutoff of the EFT, and it is
On the other hand, the outgoing phonon must have energy larger than a certain value in order for it to be detected. When only a single phonon is involved, it cannot release to the system enough energy to induce an appreciable change in temperature in the detector [41] . It can, however, be observed via the so-called "quantum evaporation", which sets the minimum energy to be the binding energy of a He-4 atom to the rest of the bulk, ω min = 0.62 meV [42] .
In particular, given the value of ω max , this implies that the final state phonon will be detectable only for a dark matter heavier than roughly 0.1 MeV. Importantly, the rate in Eq. (10) depends on the relative angle between the direction of the incoming dark matter and the electric field, as can also be seen in Figure 2. This induces a sensible modulation in the number of events. By suitably rotating the external field with time, one could employ this to discriminate signal from background [38] .
V. PROJECTIONS AND COMPARISON WITH EXISTING BOUNDS
Starting from Eq. (11) we can compute the projected excluded region. In particular, we will consider an external electric field E = 100 kV/cm, which has been shown to be realistically achievable in lab [66] . 8 There are two distinct scenarios here: the heavy dark photon case (m V |q|) and the light dark photon one [61] , XENON10, XENON100 [32] and DarkSide-50 [62] . We consider a 95% C.L. for a year of exposure and a kg of material, assuming zero background. We also report the current BBN bounds [63] , as well as a combination of mass and cross section that would allow to explain the dark matter relic abundance via a freeze-in mechanism [9, 64, 65] .
(m V |q|). In the former we find that the best sensitivity one can achieve is
which is already largely excluded by the existing stellar and accelerator constraints -see e.g. [67] .
For ultra-light dark photon, instead, most of the cosmological and astrophysical bounds can be evaded when m V 10 −14 eV. In this case, we can use Eq. (11) to compute the expected sensitivity for the dark matter-electron cross section, which can be written as
where α em is the fine-structure constant and m e the electron mass. In Figure 3 we show our results as compared to other direct detection experiments [32, 61] . As one can see, a He-4 detector could be competitive in the sub-MeV region. Note that the masses excluded by He-4 would fall in the region already excluded by Big Bang Nucleosynthesis (BBN) constrains [63, 68] . The same region would also be covered by the SN1987A supernova bound [63, 69] on which, however, some doubts have been recently casted [70] . We also show the curve for dark matter relic abundance via freeze-in scenario [9, 64, 65, 71] , i.e. a scenario in which the interaction is very weak and slowly builds up the dark matter relic abundance non-thermally. In the case of light mediator, m V m χ , the dark matter production cross section from fermions f of the Standard Model thermal bath, ff → χχ, reads
where
. The relic abundance is then
For each value of the mass m χ the value of the dark matter relic abundance uniquely fixes the combination α χ α f ∝ 2 g 2 .
VI. CONCLUSION
In this work we have studied the response of a He-4 detector to the interaction of a sub-GeV dark matter particle which interacts with the Standard Model via a dark photon, kinetically mixed with the photon. In order to do that, we have employed a relativistic EFT to describe the low-energy interactions of the superfluid phonon with the dark matter. On top of that, we also presented the most general coupling between the photon and the bulk of He-4.
We considered the simplest possible process, i.e. the emission of a single phonon by the passing dark matter, whose rate can be enhanced by introducing an external electric field. For a dark matter lighter than the MeV such an observable could be competitive with the existing direct detection experiments, although that region should already be excluded by BBN bounds.
In conclusion, in addition to the strong bounds that a He-4 detector could put on the parameters of a dark matter interacting with the Standard Model via a scalar mediator, it can also provide some important information in the sub-MeV region for a dark matter mediated by a dark photon.
Moreover, as already shown in [39, 40] , the superfluid EFT approach proves to be particularly clean and clear to tackle a particle physics problem like the one at hand.
